An integral representation for the resolvent kernel with magnetic fields
  on the hyperbolic plane and applications to time dependent Schr\"odinger
  equations by Moustapha, Mohamed Vall Ould
ar
X
iv
:1
90
9.
13
48
7v
2 
 [m
ath
-p
h]
  1
8 N
ov
 20
19
An integral representation for the resolvent
kernel with magnetic fields on the hyperbolic
plane and applications to time dependent
Schro¨dinger equations
Mohamed Vall Ould Moustapha
November 19, 2019
Abstract
In this paper we give an integral representation for the resol-
vent kernels with uniform magnetic field on the hyperbolic plane, as
applications of our results we solve explicitly two times dependent
Schro¨dinger equations with uniform magnetic field on the hyperbolic
plane.
1 Introduction
The main objective of this paper is to give an integral formula see Theorems
2.3 and 2.4 for the Shwartz kernels Gk(λ, w, w
′) of the resolvent operators
(Dk + λ2)−1, with the operator Dk is the modified Schro¨dinger operator with
uniform magnetic field on the hyperbolic plane given by
Dk = LIDk + k2 +
1
4
, (1.1)
where LIDk is the Schro¨dinger operator with uniform magnetic field on the
hyperbolic disc ID given in (Ferapontov-Vesel [2]) by
LIDk = (1− |w|2)2
∂2
∂w∂w
+ k(1− |w|2)w ∂
∂w
−k(1− |w|2)w ∂
∂w
− k2|w|2. (1.2)
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The operators LIDk has a physical interpretation as being the Hamiltonian
which governs a non relativistic charged particle moving under the influence
of the magnetic field of constant strength |k|, perpendicular to ID. The oper-
ators Dk is non-positive, definite and it has an absolute continuous spectrum
and a points spectrum if |k| ≥ 1/2 see Boussejra -Intissar [1].
For a recent work on this operator (see Ould Moustapha [6]) and the refer-
ences therein.
For k = 0, the operator D0 reduces to the free Laplace-Beltrami operators
on the hyperbolic plane.
The free resolvent kernel on the disc model is given by
G0(λ, w, w
′) =
Γ(s)Γ(s)
4πΓ(2s)
cosh−2s r(w,w′)F
(
s, s, 2s, cosh−2 r(w,w′)
)
, (1.3)
with s = (1− iλ)/2 and r(w,w′) is the distance.
The function F (a, b, c, z) is the Gauss hypergeometric function defined by:
F (a, b, c, z) =
∞∑
n=0
(a)n(b)n
(c)nn!
zn, |z| < 1, (1.4)
(a)n is the Pochhamer symbol (a)n =
Γ(a+n)
Γ(a
and Γ is the classical Euler
function.
2 Resolvent kernel with uniformmagnetic field
on the hyperbolic plane
In this section we give explicit formulas for the resolvent kernel with uniform
magnetic field on the hyperbolic disc ID = {w ∈ IC, |w| < 1} endowed with
the metric ds = 2 |dw|
(1−|w|2) .
The associated group of motions is
G = SU(1, 1) =
{
g =
(
A B¯
B A¯
)
A,B ∈ IC : |A|2 − |B|2 = 1
}
. (2.1)
The distance r(w,w′) between two point w,w′ ∈ ID is given by
cosh2(d(w,w′)/2) =
|1− ww′|2
(1− |w|2)(1− |w′|2) . (2.2)
We define here a unitary projective representation T k of the group G on the
Hilbert space L2µ(ID) = L
2(ID, dµ) by
T k(g)f(z) = J(g−1, z)f(g−1w), (2.3)
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where the automorphic factor
Jk(g, w) =
(
Cw +D
Cw +D
)k
(2.4)
is defined, up to a mild ambiguity in the k powers, which depends only on
G and k and such ambiguity disappears if the group SU(1, 1) is replaced by
the universal covering group ˜SU(1, 1).
Note that the factor Jk satisfies, up to a factor of modulus one depending
only on G and k, the chain rule
Jk(g1.g2.z) = Jk(g1, g2.z)Jk(g2, z). (2.5)
In the sequel we use the following proposition
Proposition 2.1. i) For k real number, the modified Schro¨dinger operator
with uniform magnetic field Dk is T k invariant, that is we have for every
g ∈ G
T k(g)Dk = DkT k(g). (2.6)
ii)For w ∈ ID Set
gw =


1√
1−|w|2
w√
1−|w|2
w¯√
1−|w|2
1√
1−|w|2

 , (2.7)
then we have gw ∈ G and gw0 = w.
iii) For f ∈ L2µ(ID) the following formulas hold
[
T k(gw′)f
]
(w) =
(
1− ww′
1− ww′
)k
f(g−1w′ w). (2.8)
iv) For f, ϕ ∈ L2µ(ID) we have
∫
ID
[
T k(g)f ]
]
(w)ϕ(w)dµ(w) =
∫
ID
f(w)[T−k(g−1)ϕ](w)dµ(w). (2.9)
Proof. The proof of the part i) is contained in (Boussejra-Intissar [1]). The
proof of the parts ii), iii) and iv) are simple and are left as an exercise.
Lemma 2.1. Let u ∈ C∞(ID) be a radial function and let Φ ∈ C∞(IR+) such
that u(w) = v(r) with r = d(0, w) and v(r) = φ(y), with y = cosh2(r/2) then
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we have
i) Dku(w) = lkyΦ(y), with
lkyφ(y) =
[
y(y − 1) d
2
dy2
+ (2y − 1) d
dy
+
k2
y
+
1
4
]
φ(y). (2.10)
ii) Setting Φ(y) = ykΨ(y), then y−|k|l|k|y ykψ(y) = Jkψ(y), with
Jk = y(y − 1) d
2
dy2
+ [(2|k|+ 2)y − (2|k|+ 1)] d
dy
+ (|k|+ 1/2)2. (2.11)
Proof. Using the geodesic polar coordinates, w = tanh r/2ω, r > 0 and
ω ∈ S1 we see that the radial part of the Magnetic Laplacian Dk is given by
Dk =
∂2
∂r2
+ coth r
∂
∂r
+
k2
cosh2(r/2)
+
1
4
. (2.12)
Using the variables changes y = cosh2(r/2), we get the result of i). The part
ii) is simple and is left to the reader.
Proposition 2.2. The Helmholtz equation with magnetic field on the hyper-
bolic disc model
(Dk + λ2)u(z) = 0, (2.13)
has two linearly independent solutions
y|k|F (s+ |k|, 1− s+ |k|, 1, 1− y), y−sF (s− |k|, s+ |k|, 2s, y−1). (2.14)
where F (a, b, c, z) is the Gauss hypergeometric given in(1.4)
Proof. From the Lemma 2.1 the Helmholtz equation with magnetic field on
the hyperbolic disc model (2.13) is equivalent to
{y(1− y) d
2
dy2
+ [(2|k|+ 1)− (2|k|+ 2)y] d
dy
− (|k|+ 1/2)2 + λ2}ψ = 0.
(2.15)
This equation is an hypergeometric equation (see Magnus et al. [5] p.42-43)
with parameters a = |k|+ 1/2− iλ, b = |k|+ 1/2 + iλ and c = 2|k|+ 1 and
the above solutions correspond respectively to the solutions w
(1)
1 and w
(∞)
1 ,
and the proof of Proposition 2.2 is finished.
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Lemma 2.2. Set
Gk(s, r(0, w) =
Γ(s− k)Γ(s+ k)
4πΓ(2s)
y−sF
(
s− |k|, s+ |k|, 2s, cosh−2 r(0, w)) .
(2.16)
i) G(s, r) is analytic in λ and C∞ in r for r > 0.
ii) G(s, r) ∼= − 1
4π
ln sinh2 r/2; r −→ 0.
iii) ∂G(s,r)
∂r
= − 1
2π
sinh−1 r/2, r −→ 0.
iv) G(s, r) = Γ(s−k)Γ(s+k)
4πΓ(2s)
sinh−2s r +O(sinh−2s−1 r/2), as , r −→∞.
The proof of this lemma uses essentially the properties of hypergeometric
functions in (Magnus et al.[5] p.44).
F (a, b, a+b, z) =
Γ(a+ b)
Γ(a)Γ(b)
∞∑
n=0
(a)n(b)n
(n!)2
[2ψ(n+1)−ψ(a+n)−ψ(b+n)−ln(1−z)(1−z)n,
arg(1− z) < π, |1− z| < 1, and
F (a, b, a+ b−m, z) = Γ(a+b−m)Γ(m)
Γ(a)Γ(b)
(1− z)−m∑m−1n=0 (a−m)n(b−m)n(n!)(1−m)n (1− z)n
− (−1)nΓ(a+b−m
Γ(a−n)Γ(b−n)
∑∞
n=0
(a)n(b)n
(n!)(n+m)!
[ln(1 − z)− ψ(n + 1)− ψ(n +m+ 1)](1− z)n,
arg(1− z) < π, |1− z| < 1.
Theorem 2.1. Let Gk(λ, r) be function given in (2.16), then we have(−Dk − λ2)G = δ, (2.17)
where δ is the Dirac measure
Proof.
〈(Dk + λ2)G,ϕ〉 = 〈G, (Dk + λ2)ϕ〉 = lim
ǫ−→0
Iǫ. (2.18)
Set
Iǫ = Jǫ +Kǫ, (2.19)
with
Jǫ =
∫ ∞
ǫ
G(λ, r)
∂
∂r
sinh r
∂
∂r
ϕ#(rω)dr, (2.20)
Kǫ =
∫ ∞
ǫ
G(λ, r)
(
k2
cosh2 r
+
1
4
+ λ2
)
sinh rϕ#(rω)dr. (2.21)
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Performing two integrations by parts we obtain
Jǫ = −G(λ, ǫ) sinh ǫ[ϕ#]′(ǫω) +G′(λ, ǫ) sinh ǫϕ#(ǫω)
+
∫ ∞
ǫ
∂
∂r
sinh r
∂
∂r
G(λ, r)ϕ#(rω)dr, (2.22)
Iǫ = −G(λ, ǫ) sinh ǫϕ′#(ǫω) +G′(λ, ǫ) sinh ǫϕ#(ǫω).
Using Lemma 2.2 we obtain
〈(Dk + λ2)G,ϕ〉 = 〈G, (Dk + λ2)ϕ〉 = lim
ǫ−→0
Iǫ = −ϕ(0). (2.23)
Theorem 2.2. Set Gk(s, w, w
′) = T k(gw′)[Gk(s, r(0, w))] where Gk(t, r(0, w))
is given by (2.16) and T k(gw′) is as in (2.8) then we have:
Gk(s, w, w
′) =
Γ(s− k)Γ(s+ k)
4πΓ(2s)
(
1− ww′
1− ww′
)k
y−sF
(
s− |k|, s+ |k|, 2s, y−1) ,
(2.24)
with y = cosh−2(r(w,w′)/2). The following formulas hold
(−Dwk − λ2)Gk(s, w, w′) = δw′, (2.25)
(
−Dw′−k − λ2
)
Gk(s, w, w
′) = δw, (2.26)
where Dwk is the modified Schro¨dinger operator with magnetic field with re-
spect to w.
Proof. The first formula is consequences of (2.16) and (2.8).
For the last two results, Using the formula (2.6) and (2.9) we can write
(−Dwk − λ2)Gk(s, w, w′) = (−Dwk − λ2)T k(g′w)[Gk(s, r(0, w))] (2.27)
= T k(g′w)
(−Dwk − λ2) [Gk(s, r(0, w))] = T k(g′w)δ = δw′. (2.28)
(−Dwk − λ2)Gk(s, w, w′) = (−Dwk − λ2)T k(g′w)[Gk(s, r(0, w))] (2.29)
= T k(g′w)
(−Dwk − λ2) [Gk(s, r(0, w))] = T k(g′w)δ = δw′. (2.30)
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Lemma 2.3. • i) For ℜµ > 0 and ℜν > 0, we have
∫ z
x
(y − x)µ−1(z − y)ν−1ya−b−µdy = Γ(µ)Γ(ν)
Γ(ν + µ)
(y − x)ν+µ−1
F (b− a− µ, µ, ν + µ, 1− z
x
). (2.31)
• ii) For x > 1 , ℜµ > 0 ℜν > 0 and ℜa > 0 and ℜb > 0,
Γ(a)Γ(b)x−a+µF (a, b, c, x−1) =
Γ(a+ ν)Γ(b+ µ)
Γ(ν + µ)
∫ +∞
x
I(x, z)z−a−ν
F (a+ ν, b+ µ, c, z−1) dz
(2.32)
with
I(x, z) = (z − x)ν+µ−1F (b− a− µ, µ, ν + µ, 1− z
x
). (2.33)
Proof. To see i) set y − x = s we can write∫ z
x
(y − x)µ−1(z − y)ν−1ya−b−µdy = ∫ z−x
0
sµ−1(z − x− s)ν−1(x+ s)a−b−µds.
Set s = (z − x)t, then we can write∫ z
x
(y − x)µ−1(z − y)ν−1ya−b−µdy =
(z − x)µ+ν−1xa−b−µ ∫ 1
0
tµ−1(1− t)ν−1(1− (x−z
x
)t)a−b−µdt,
using the integral representation see(Magnus et al.[5], p.54).
F (a, b, c, z) =
Γ(c)
Γ(b)Γ(c− b)
∫ 1
0
tb−1(1− t)c−b−1(1− zt)−adt (2.34)
we obtain the result of i).
To see ii) we use the following formula twice (Intissar et al. [4])
Γ(b)x−bF (a, b, c, x−1) =
Γ(b+ µ)
Γ(µ)
∫ +∞
x
y−b−µ(y − x)µ−1
F (a, b+ µ, c, y−1) dy, (2.35)
with for x > 1 , ℜµ > 0 and ℜb > 0, to obtain
Γ(b)x−bF (a, b, c, x−1) =
Γ(a + ν)Γ(b+ µ)
Γ(a)Γ(ν)Γ(µ)∫ +∞
x
∫ +∞
y
(y − x)µ−1(z − y)ν−1ya−b−µdyz−a−νF (a+ ν, b+ µ, c, z−1) dz,
(2.36)
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that is
Γ(a)Γ(b)x−bF (a, b, c, x−1) =
Γ(a + ν)Γ(b+ µ)
Γ(ν)Γ(µ)∫ +∞
x
[∫ z
x
(y − x)µ−1(z − y)ν−1ya−b−µdy
]
z−a−νF (a+ ν, b+ µ, c, z−1) dz.
(2.37)
Using i) we arrive at the result ii) and the proof of the lemma is finished.
Theorem 2.3. Let Gk(r, λ) be the resolvent kernel for the Schro¨dinger op-
erator with magnetic potential on hyperbolic plane, for ℑλ > −1/2, the fol-
lowing equality holds
Gk(λ, r) =
∫ +∞
r
Wk(r, ρ)
e−iρλ
2iλ
dρ, (2.38)
with
Wk(r, ρ) =
1
2π
(cosh2 ρ/2− cosh2 r/2)−1/2
F
(
|k|,−|k|, 1/2, 1− cosh
2 ρ/2
cosh2 r/2
)
(2.39)
where F (a, b, c, z) is the Gauss hypergeometric function in (1.4).
Proof. We use ii) of Lemma 2.3 with a = s − |k|, b = s + |k|, µ = |k|, ν =
1/2 − |k|, x = cosh2 r/2, z = cosh2 ρ/2 as well as the formula (Magnus et
al.[5], p.39),
F
(
a + 1, a+ 1/2, 2a+ 1,
1
cosh2 z
)
= e−2az coth z(2 cosh z)2a. (2.40)
Note that for k integer or a half of an integer by (Magnus et al.[5], p.39)
Tn(1− 2x) = F (−n, n, 12 , x), and we can write
Wk(t, r) =
1
2π
(
cosh2(t/2)− cosh2(r/2)))−1/2
+
×
T2|k|
(
cosh(t/2)
cosh(r/2)
)
, (2.41)
where T2k(x) are the Chebichev polynomials of the first kind.
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Theorem 2.4. Let Gk(λ, w, w
′) be the resolvent kernel with magnetic poten-
tial on the disc model of the hyperbolic plane, then we have
Gk(λ, w, w
′) =
∫ +∞
r
Wk(r(w,w
′), ρ)
eiλρ
2iµ
dρ, (2.42)
with
Wk(r, ρ) =
1
2π
(
1−ww′
1−ww′
)k
×
(cosh2 ρ/2− cosh2 r/2)−1/2F
(
|k|,−|k|, 1/2, 1− cosh
2 ρ/2
cosh2 r/2
)
. (2.43)
3 Applications
In this section using our results, we solve explicitly the following two times
dependent Schro¨dinger equations with uniform magnetic fields on the hy-
perbolic plane, called respectively the wave and the heat equations with
magnetic field on the hyperbolic plane.
{ Dku(t, w) = ∂2∂t2u(t, w), (t, w) ∈ IR∗+ × ID
u(0, w) = 0, ut(0, w) = u1(w), u1 ∈ C∞0 (ID)
, (3.1)
and { Dkv(t, w) = ∂∂tv(t, w), (t, w) ∈ IR∗+ × ID
v(0, w) = v0, v0 ∈ C∞0 (ID) , (3.2)
Corollary 3.1. The Schwartz integral kernel of the wave operator sin t
√−D√−D
that solves the wave Cauchy problem(3.1) with uniform magnetic field is given
by
Wk(t, w, w
′) = 1
2π
(
1−ww′
1−ww′
)k
×
(cosh2 t/2− cosh2 r/2)−1/22F1
(
|k|,−|k|, 1/2, 1− cosh
2 t/2
cosh2 r(w,w′)/2
)
, (3.3)
with 2F1 is the Gauss hypergeometric function (1.4).
Proof.
(a2 + y2)−1 =
∫ ∞
0
e−ax
sin xy
y
dx,
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with y =
√−D and a = −iλ we can write
(−λ2 −D)−1 =
∫ ∞
0
eiλt
sin t
√−D√−D dt,
comparing with the formula (2.42) we have the result of the Corollary.
Note that the above corollary agrees with the results obtained in Ould
Moustapha [6] see also Intissar-Ould Moustapha [3].
Corollary 3.2. The Schwartz integral kernel of the heat operator etD that
solves the heat Cauchy problem(3.2) with uniform magnetic potential on hy-
perbolic plane is given by:
Hk(t, w, w
′) =
∫ ∞
r
e−b
2/4t
(4πt)3/2
Wk(b, w, w
′)bdb, (3.4)
with
Wk(b, w, w
′) =
(
1− ww′
1− ww′
)k
(cosh2(b/2)− cosh2 d(w,w′)/2)−1/2+
F
(
|k|,−|k|, 1/2, 1− cosh
2 b/2
cosh2 r/2
)
. (3.5)
Proof. The resolvent kernel and the heat kernel are related by the Laplace
and Laplace inverse transforms as
Gk(λ, w, w
′) =
∫ ∞
0
e−λtHk(t, w, w′)dt, (3.6)
with
Hk(t, w, w
′) =
−1
2iπ
∫ c+i∞
c−i∞
eλtGk(λ, w, w
′)dλ. (3.7)
By combining the formula (2.42) and the formula Prudnikov et al. [7] p.52
L−1e−a
√
p(x) = a√
4πx3
e−
a
2
4x , Rep > 0 and Rea2 > 0. By Fubini theorem we
arrive at the formulas (3.4) and the proof of the Corollary is finished.
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